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Abstract
For a (n; n−1; j)-poset P, which is a partially ordered set of cardinality n with n−1 maximal
elements and j (16 j6 n − 1) minimal elements, we obtain a MacWilliams type identity for
the P-weight enumerator polynomial of the binary linear P-code and its dual, and we 2nd the
parameters of the binary linear perfect P-code. Also, for a (n; n− 1; j)-poset P and for a chain
P with n elements, we get a relation between the P-distance and P-weight of vectors in Zn2.
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1. Introduction
Niederreiter [5] generalized the following classical problem of coding theory: given
a 2nite 2eld Fq and integers n¿k¿1, 2nd the largest minimum distance achievable
by a linear code over Fq of length n and dimension k. Also, in [1], Brualdi et al.
provided a more general setting for the above problem by using partially ordered sets
(posets) and introduced the concept of poset-codes. Let (P;¡) be an arbitrary poset
of cardinality n. An ideal I of a poset is a subset of its elements with the following
property: if x∈ I and y¡x, then y∈ I . If A⊆P, then 〈A〉 denotes the smallest ideal of
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P which contains A. The coordinate positions of the row vector space Fnq of n-tuples
over Fq can be seen as indexed by a poset P, which without loss of generality can be
assumed to be P= {1; 2; : : : ; n}. For x; y∈Fnq , the P-weight of x and the P-distance
from x to y are, respectively, de2ned by
wP(x)= |〈(x)〉| and dP(x; y)=wP(x− y); (1.1)
where | · | denotes the cardinality and (x)= {i∈P | xi 
=0} is the support of x.
Then dP(·; ·) is a metric on Fnq and called a P-metric [1, Lemma 1.1]. Note that
if P is an anti-chain (i.e., any two elements of P are not comparable), then the P-
weight and P-distance are the (classical) Hamming weight and Hamming distance,
respectively.
From now on, let Fnq be endowed with a P-metric induced by the partial order ¡ on
the set P= {1; 2; : : : ; n}. The (linear) code in Fnq is called the (linear) P-code. If a linear
[n; k]-code C has the minimum P-distance dP , then C is a linear [n; k; dP]-P-code. As
a simple example, the repetition code {0; 1; : : : ; q− 1} in Fnq is a linear [n; 1; n]-P-code
for any poset P of cardinality n. A code C in Fnq is said to be a perfect P-code if C
is a perfect code in the P-metric. That is, there exists an integer r¿0 such that the
P-spheres
BP(x; r)= {y∈Fnq |dP(x; y)6r}; x∈C (1.2)
of radius r about distinct codewords in C are pairwise disjoint and their union is Fnq ,
i.e.,
qn−k = |BP(r)|; (1.3)
where we use the symbol BP(r)=BP(0; r) since the value |BP(x; r)| does not depend
on the center x.
Throughout this paper, we will call a poset of cardinality n with n − 1 maximal
elements and j (16j6n − 1) minimal elements a (n; n − 1; j)-poset. Note that an
anti-chain with n elements may be called a (n; n; n)-poset. For example,
All the codes considered are binary and linear, although most of the concepts and
results can be extended to nonbinary codes.
This paper is divided into four sections including the introduction:
GutiJerrez and Tapia-Recillas [2, Theorem 3.1], gave an analog for (n; n− 1; 1)-poset
codes over Fq to the classical MacWilliams identity which relates the weight enumerator
polynomial of a code to the corresponding polynomial of the dual code. In Section 2,
we generalize [2, Theorem 3.1] to the case of a binary (n; n− 1; j)-poset-code:
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Theorem 2.1. Let P be a (n; n−1; j)-poset and C a P-code in Zn2. Then the P-weight
enumerator polynomial of C and its dual C⊥ satisfy the following equation:
WC⊥(x; y;P) =
xn−j(x − y)
|C|
∑
u∈C
u(x; y; j − 1)
+
2y(x + y)−1
|C| WC∩j (x + y; x − y;P)
+
2y(x − y)−1
|C| WC∩(−j)(x + y; x − y;P);
where u(x; y; j − 1) is a homogeneous polynomial of degree j − 1 in x and y given
by
u(x; y; j − 1)=


1 for j=1;∏n
i=n−j+2(x + (−1)
uiy) for j=2; 3; : : : ; n− 1:
Brualdi et al. [1, Theorem 2.2], showed that there are no perfect P-codes in Fnq
except trivial code if P is a union of two disjoint chains of same size. They also
showed in [1, Theorem 2.3] that if Pn is the (n; n− 1; 1)-poset, then for each positive
integer m the extended binary Hamming code H(m) with parameters [n=2m; 2m −
m−1; 4] is a perfect Pn-code, and the extended binary Golay code G24 with parameters
[24; 12; 8] is a perfect P24-code. Recently, Ko [3, Theorem 3.4], showed that there
exists a nontrivial binary perfect P-code if P is a union of three disjoint chains of
same size. In Section 3, we 2nd the parameters (r; n; k; j) satisfying (1.3) for which
the binary code with parameters [n; k; 2r] is perfect P-code if P is a (n; n− 1; j)-poset.
In particular, we generalize [1, Theorem 2.3] to the case of a (n; n− 1; j)-poset:
Theorem 3.3. Let P(j); j=1; 2; be a (2m; 2m − 1; j)-poset, where m¿3. Then the
extended binary Hamming code with parameters [2m; 2m−m−1; 4] is a perfect P(j)-
code for all j. In addition, let Q(j); j=1; 2; 3; 4; be a (24; 23; j)-poset. Then the
extended binary Golay code G24 with parameters [24; 12; 8] is a perfect Q(j)-code
for all j.
In [4, pp. 9–12], the relation between the Hamming weight w(·) and Hamming
distance d(·; ·) was given by
w(x)− w(y)6d(x; y)=w(x) + w(y)− 2w(xy) (1.4)
for x=(x1; x2; : : : ; xn) and y=(y1; y2; : : : ; yn) in Zn2, where xy=(x1y1; x2y2; : : : ; xnyn)
is the intersection of x and y, and the equality of LHS in (1.4) holds if and only if
xi =1 whenever yi =1. Note that if x′ is obtained by changing one or more nonzero
coordinates of x to zero, then w(x′)¡w(x) but it is possible that wP(x′)=wP(x)
and (1.4) may be not hold. Finally, in Section 4, for a chain P with n elements
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and for a (n; n − 1; j)-poset P we get a relation between P-distance and P-weight of
vectors in Zn2:
Theorem 4.2. Let P= {1; 2; : : : ; n} be a chain where 1¡2¡ · · ·¡n. Then for x; y∈Zn2
with x 
= y (x; y 
= 0) we have
wP(x)− wP(y)¡dP(x; y)6wP(x) + wP(y)− wP(xy):
Theorem 4.3. Let P= {1; 2; : : : ; n} be a (n; n − 1; j)-poset with P1(j) and P2(j) sat-
isfying (2.5). For each x in Zn2 whose coordinates are indexed by P, let x
∗ (resp.,
x∗∗) be obtained from x by changing coordinates which are indexed by P2(j) (resp.,
P1(j)) to zero. Then for x; y∈Zn2 with x 
= y (x; y 
= 0) we have followings:
(i) If at least one of x∗ and y∗ is 0, or if x∗= y∗ ( 
= 0), then
dP(x; y)=wP(x) + wP(y)− 2wP(xy);
(ii) If x∗ 
= y∗ (x∗; y∗ 
= 0), then
dP(x; y)=
{
wP(x) + wP(y)− 2wP(xy)− 1 if (x∗) ∩ (y∗)= ∅;
wP(x) + wP(y)− 2wP(xy) + 1 if (x∗) ∩ (y∗) 
= ∅:
2. A MacWilliams type identity for a binary (n; n− 1; j)-poset-code
Let (P;¡) be a poset of cardinality n and Zn2 endowed with a P-metric. Let C be
a P-code in Zn2 and Ai(P) the number of codewords in C with P-weight i. That is,
Ai(P)= |{u∈C |wP(u)= i}|: (2.1)
The homogeneous polynomial of degree n in x and y given by
WC(x; y;P)=
n∑
i=0
Ai(P)xn−iyi =
∑
u∈C
xn−wP(u)ywP(u) (2.2)
is called the P-weight enumerator of a P-code C in Zn2.
For a function f on Zn2, the Hadamard transform fˆ of f is given by
fˆ(u)=
∑
v∈Zn2
f(v)(−1)u·v; (2.3)
where u · v= ∑ni=1 uivi is the inner product of u=(u1; : : : ; un) and v=(v1; : : : ; vn) in
Zn2. It is well known in [4, p. 127, Lemma 2] that for a code C in Z
n
2 and a function
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f on Zn2, we have∑
u∈C⊥
f(u)=
1
|C|
∑
u∈C
fˆ(u); (2.4)
where C⊥= {u∈Zn2 | v · u=0 for all v∈C} is the dual code of C.
For a 2xed integer j with 16j6n− 1 let P be a (n; n− 1; j)-poset. By rearranging
the elements of P we can separate P into two disjoint subposets, say P1(j) and P2(j),
where without loss of generality we may assume that
P= {1; 2; : : : ; n};
P1(j)= {1; 2; : : : ; n− j + 1} is a (n− j + 1; n− j; 1)-poset
in which 1¡i for each i=2; 3; : : : ; n− j + 1;
P2(j)= {n− j + 2; : : : ; n} is an anti-chain with (j − 1) elements:
(2.5)
Note that P1(1)=P and P2(1)= ∅ . Then, we can divide Zn2 whose coordinate positions
indexed by P into three disjoint parts:
Zn2 = (Z
n
2 − ) ∪ j ∪ ( − j); (2.6)
where = {(x1; : : : ; xn)∈Zn2 | x1 = 0} and j = {(x1; : : : ; xn)∈Zn2 | x1 = · · · = xn−j+1
=0}. Note that 1 = {0} since x1 = · · · = xn=0. In particular,
wP(x)=
{
w(x) if x∈ (Zn2 − ) ∪ j;
w(x) + 1 if x∈ − j;
(2.7)
where w(·) is the usual Hamming weight on Zn2.
Theorem 2.1. Let P be a (n; n−1; j)-poset and C a P-code in Zn2. Then the P-weight
enumerator polynomial of C and its dual C⊥ satisfy the following equation:
WC⊥(x; y;P) =
xn−j(x − y)
|C|
∑
u∈C
u(x; y; j − 1)
+
2y(x + y)−1
|C| WC∩j (x + y; x − y;P)
+
2y(x − y)−1
|C| WC∩(−j)(x + y; x − y;P);
where u(x; y; j − 1) is a homogeneous polynomial of degree j − 1 in x and y given
by
u(x; y; j − 1)=


1 for j=1;∏n
i=n−j+2(x + (−1)
uiy) for j=2; 3; : : : ; n− 1:
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Proof. We now apply relations (2.3), (2.6) and (2.7) to a function f(v)= xn−wP(v)
ywP(v). Then
fˆ(u) =
∑
v∈Zn2
f(v)(−1)u·v =
∑
v∈Zn2
xn−wP(v)ywP(v)(−1)u·v
=
∑
v∈Zn2−
xn−w(v)yw(v)(−1)u·v +
∑
v∈j
xn−w(v)yw(v)(−1)u·v
+
∑
v∈−j
xn−w(v)−1yw(v)+1(−1)u·v: (2.8)
Consider the following function:
 : Z2→{0; 1}; (0)= 0; (1)= 1:
Then the 2rst summation of the RHS of (2.8) can be written as
∑
v∈Zn2−
xn−w(v)yw(v)(−1)u·v
=
∑
(v1 ;:::; vn)∈Zn2−
x
∑n
i=1(1−(vi)) y
∑n
i=1 (vi)(−1)
∑n
i=1 uivi
=
∑
(v1 ;:::; vn)∈Zn2−
x1−(v1)y(v1)(−1)u1v1
n∏
i=2
x1−(vi)y(vi)(−1)uivi
= (−1)u1y
∑
(v2 ;:::; vn)∈Zn−12
(
n∏
i=2
x1−(vi)y(vi)(−1)uivi
)
= (−1)u1y
n∏
i=2
(∑
vi∈Z2
x1−(vi)y(vi)(−1)uivi
)
= (−1)u1y
n∏
i=2
(x + (−1)uiy):
Here the fourth equality is true because just as
a0b0c0 + a0b0c1 + a0b1c0 + a0b1c1 + a1b0c0 + a1b0c1 + a1b1c0 + a1b1c1
= (a0 + a1)(b0 + b1)(c0 + c1) (2.9)
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On the other hand, for j=1 we have∑
v∈1 = {0}
xn−w(v)yw(v)(−1)u·v = xn
and ∑
v∈−1
xn−w(v)−1yw(v)+1(−1)u·v
= x−1y
∑
v∈
xn−w(v)yw(v)(−1)u·v − xn−1y
= x−1y
∑
(v1 ;:::; vn)∈
x
∑n
i=1(1−(vi)) y
∑n
i=1 (vi) (−1)
∑n
i=1 uivi − xn−1y
= x−1y
∑
(v1 ;:::; vn)∈
x1−(v1)y(v1)(−1)u1v1
n∏
i=2
x1−(vi)y(vi)(−1)uivi − xn−1y
= y
∑
(v2 ;:::; vn)∈Zn−12
(
n∏
i=2
x1−(vi)y(vi)(−1)uivi
)
− xn−1y
= y
n∏
i=2
(∑
vi∈Z2
x1−(vi)y(vi)(−1)uivi
)
− xn−1y (by (2:9))
= y
n∏
i=2
(x + (−1)uiy)− xn−1y:
Also, for j=2; 3; : : : ; n− 1 we have∑
v∈j
xn−w(v)yw(v)(−1)u·v
=
∑
(v1 ;:::; vn)∈j
x
∑n
i=1(1−(vi)) y
∑n
i=1 (vi) (−1)
∑n
i=1 uivi
=
∑
(v1 ;:::; vn)∈j
x
∑n−j+1
i=1 (1−(vi)) y
∑n−j+1
i=1 (vi) (−1)
∑n−j+1
i=1 uivi
×
n∏
i=n−j+2
x1−(vi)y(vi)(−1)uivi
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= xn−j+1
∑
(vn−j+2 ;:::; vn)∈Zj−12

 n∏
i=n−j+2
x1−(vi)y(vi)(−1)uivi


= xn−j+1
n∏
i=n−j+2
(∑
vi∈Z2
x1−(vi)y(vi)(−1)uivi
)
(by (2:9))
= xn−j+1
n∏
i=n−j+2
(x + (−1)uiy)
and ∑
v∈−j
xn−w(v)−1yw(v)+1(−1)u·v
= x−1y


∑
(v1 ;:::; vn)∈
−
∑
(v1 ;:::; vn)∈j

 x
∑n
i=1(1−(vi)) y
∑n
i=1 (vi) (−1)
∑n
i=1 uivi
= y
∑
(v2 ;:::; vn)∈Zn−12
x
∑n
i=2(1−(vi))y
∑n
i=2 (vi) (−1)
∑n
i=2 uivi
− xn−jy
∑
(vn−j+2 ;:::; vn)∈Zj−12
x
∑n
i=n−j+2(1−(vi)) y
∑n
i=n−j+2 (vi) (−1)
∑n
i=n−j+2 uivi
= y
∑
(v2 ;:::; vn)∈Zn−12
(
n∏
i=2
x1−(vi)y(vi)(−1)uivi
)
− xn−jy
∑
(vn−j+2 ;:::; vn)∈Zj−12

 n∏
i=n−j+2
x1−(vi)y(vi)(−1)uivi


= y
n∏
i=2
(∑
vi∈Z2
x1−(vi)y(vi)(−1)uivi
)
− xn−jy
n∏
i=n−j+2
(∑
vi∈Z2
x1−(vi) y(vi)(−1)uivi
)
(by (2:9))
= y
n∏
i=2
(x + (−1)uiy)− xn−jy
n∏
i=n−j+2
(x + (−1)uiy):
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Thus we have
(case of j=1)
fˆ(u) = xn − xn−1y + (1 + (−1)u1 )y
n∏
i=2
(x + (−1)uiy)
=
{
xn − xn−1y if u∈Zn2 − ;
xn − xn−1y + 2y(x + y)(n−1)−w(u)(x − y)w(u) if u∈;
(2.10)
(case of j=2; 3; : : : ; n− 1)
fˆ(u) = xn−j(x − y)
n∏
i=n−j+2
(x + (−1)uiy) + (1 + (−1)u1 )y
n∏
i=2
(x + (−1)uiy)
=


xn−j(x − y)
n∏
i=n−j+2
(x + (−1)uiy) if u∈Zn2 − ;
xn−j(x − y)
n∏
i=n−j+2
(x + (−1)uiy)
+2y(x + y)(n−1)−w(u)(x − y)w(u) if u∈:
(2.11)
We de2ne a polynomial u(x; y; j − 1) of degree j − 1 in x and y as
u(x; y; j − 1)=


1 for j=1;∏n
i=n−j+2(x + (−1)
uiy) for j=2; 3; : : : ; n− 1: (2.12)
Then from (2.10)–(2.12) we have
fˆ(u)=


xn−j(x − y)u(x; y; j − 1) if u∈Zn2 − ;
xn−j(x − y)u(x; y; j − 1) if u∈:
+2y(x + y)(n−1)−w(u)(x − y)w(u)
Again, (2.7) give that
fˆ(u)=


xn−j(x − y)u(x; y; j − 1) if u∈Zn2 − ;
xn−j(x − y)u(x; y; j − 1) if u∈j;
+
2y
x + y
(x + y)n−wP(u)(x − y)wP(u)
xn−j(x − y)u(x; y; j − 1) if u∈ − j:
+
2y
x − y (x + y)
n−wP(u)(x − y)wP(u)
(2.13)
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Next, from (2.4) and (2.13), it follows that for the function f(u)= xn−wP(u)ywP(u),
WC⊥(x; y;P) =
∑
u∈C⊥
xn−wP(u)ywP(u) =
∑
u∈C⊥
f(u)=
1
|C|
∑
u∈C
fˆ(u)
= xn−j(x − y) 1|C|
∑
u∈C
u(x; y; j − 1)
+
2y(x + y)−1
|C|
∑
u∈C∩j
(x + y)n−wP(u)(x − y)wP(u)
+
2y(x − y)−1
|C|
∑
u∈C∩(−j)
(x + y)n−wP(u)(x − y)wP(u)
= xn−j(x − y) 1|C|
∑
u∈C
u(x; y; j − 1)
+
2y(x + y)−1
|C| WC∩j (x + y; x − y;P)
+
2y(x − y)−1
|C| WC∩(−j)(x + y; x − y;P):
Corollary 2.2 (cf., GutiJerrez and Tapia-Recillas [2, Theorem 3.1]). Let P be a (n;
n − 1; 1)-poset and C be a P-code. Then the P-weight enumerator polynomial of C
and its dual C⊥ satisfy the following equation:
WC⊥(x; y;P) = x
n − xn−1y + 2y(x + y)
n−1
|C|
+
2y(x − y)−1
|C| WC∩(−{0})(x + y; x − y;P):
Proof. Since j=1, u(x; y; 0)= 1 and 1 = {0}, we have
WC∩1 (x + y; x − y;P)=
∑
u∈C∩1
(x + y)n−wP(u)(−y)wP(u) = (x + y)n:
Remark. Let P= {1; 2; : : : ; n} be a (n; n − 1; j)-poset with P1(j) and P2(j) satisfying
(2.5). Then, from the Theorem 2.1, we 2nd that the degree of the P-weight enumerator
polynomial (2.2) is connected with the number of elements in P2(j).
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3. Binary perfect (n; n− 1; j)-poset codes
Let P= {1; 2; : : : ; n} be a poset and a¿0 an integer. Then the number of vectors in
Zn2 such that the P-distance to the zero vector is exactly a is given by
|{x∈Zn2 |dP(0; x)= a}|=


1 if a=0;
a∑
b=1
2a−b"b(a) if a¿0;
(3.1)
where "b(a) denotes the number of ideals of P with cardinality a having exactly b
maximal elements. Since dP(x; y)=dP(0; x − y), the number of vectors in a P-sphere
of radius r does not depend on its center, and is given by
|BP(r)|= |BP(0; r)|=1 +
r∑
a=1
a∑
b=1
2a−b"b(a): (3.2)
Let C be a [n; k; dP]-P-code in Zn2. If dP =2r+1, then C is a perfect P-code if and
only if
|BP(r)|=2n−k : (3.3)
Also, if dP =2r, then C is a perfect P-code if and only if Eq. (3.3) holds and the
P-spheres of radius r about distinct codewords in C are pairwise disjoint.
For a 2xed integer j with 16j6n − 1 let P= {1; 2; : : : ; n} be a (n; n − 1; j)-poset
with P1(j) and P2(j) satisfying (2.5). In our case, "b(a)= 0 for a; b with a¿3 and
16b6a− 2, and thus from (3.2) we get
|BP(r)|= 1 +
r∑
l=1
"l(l) + 2
r−1∑
l=1
"l(l+ 1)
= 1 +
r∑
l=1
(
j
l
)
+ 2
r−1∑
l=1
l−1∑
m=0
(
n− j
l− m
)(
j − 1
m
)
= 1 +
r∑
l=1
(
j
l
)
+ 2
r−1∑
l=1
{
l∑
m=0
(
n− j
l− m
)(
j − 1
m
)
−
(
j − 1
l
)}
=
r∑
l=0
(
j
l
)
+ 2
r−1∑
l=0
(
n− 1
l
)
− 2
r−1∑
l=0
(
j − 1
l
)
(3.4)
since
∑n
l=0 (
a
l )(
b
n−l)= (
a+b
n ). In (3.4), if r¿j, then
r∑
l=0
(
j
l
)
− 2
r−1∑
l=0
(
j − 1
l
)
=
j∑
l=0
(
j
l
)
− 2
j−1∑
l=0
(
j − 1
l
)
=2j − 2(2j−1)= 0
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Table 1
r n k j
1 2 1 1
3 2 1
4 3 1
2 3
...
7 6 1
5 3
r n k j
1 8 7 1
6 3
5 7
...
15 14 1
13 3
12 7
r n k j
1 16 15 1
14 3
13 7
12 15
...
31 30 1
29 3
28 7
27 15
r n k j
1 32 31 1
30 3
29 7
28 15
27 31
...
63 62 1
61 3
60 7
59 15
58 31
r n k j
1 64 63 1
62 3
61 7
60 15
59 31
58 63
...
r n k j
2 4 1 1
2
r n k j
2 8 4 1
2
11 6 6
13 8 5
14 8 10
r n k j
2 16 11 1
2
18 12 9
23 15 22
25 18 14
27 21 6
29 23 5
31 24 13
r n k j
2 32 26 1
2
33 25 21
46 39 10
50 43 9
53 44 30
59 52 6
60 52 18
61 54 5
r n k j
2 64 57 1
2
67 58 29
68 60 17
89 81 14
95 87 13
r n k j
3 6 1 1
2
3
19 9 18
22 12 17
23 14 5
46 34 25
91 78 1
2
3
r n k j
4 8 1 1
2
3
4
24 12 1
2
3
4
· · · · · ·
r n k j
l 2l 1 1
2
3
...
l
; where 56l650.
since ( jl )= 0 for l¿j. Thus we have
|BP(r)|=


2
r−1∑
l=0

 n− 1
l

 if r¿j;
r∑
l=0
(
j
l
)
− 2
r−1∑
l=0
(
j − 1
l
)
+ 2
r−1∑
l=0
(
n− 1
l
)
otherwise:
(3.5)
Using Maple and (3.5), we obtain the integer parameters (r; n; k; j) (Table 1) satis-
fying the Eq. (3.3) with
16r650; 26n6100; 16k¡n; 16j6n− 1:
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Note that even though the parameters (r; n; k; j) satis2es (3.3), it does not mean that
there exists a [n; k; dP]-P-code with P as above. In fact, there may be no such codes
at all.
We will write any x∈Zn2 whose coordinates are indexed by P as follows:
x=(x1; : : : ; xn−j+1|xn−j+2; : : : ; xn): (3.6)
Solution 1. For integers l and j with l¿j¿1, each one of the parameters (r; n; k; j)=
(l; 2l; 1; j) and (r; n; k; j)= (1; 3; 2; 1) satisfy (3.3). However, there are not [2l; 1; 2l +
1]-codes and [3; 2; 3]-code since they do not satisfy the Singleton bound [4, p. 33]:
d6n − k + 1 for any [n; k; d]-code. Note that the repetition code with parameters
[2l+ 1; 1; 2l+ 1] is a perfect code.
Theorem 3.1. (i) Let P be a (3; 2; 1)-poset. Then a [3; 2; 2]-code is a perfect
P-code.
(ii) For a ;xed integer l¿1 let P(j); 16j6l; be a (2l; 2l− 1; j)-poset. Then the
repetition code with parameters [2l; 1; 2l] is a perfect P(j)-code for all j.
Proof. (i) We claim that the P-spheres of radius 1 about distinct codewords x and y are
pairwise disjoint. To show this, we may assume that x= 0. Thus y 
= 0 and wP(y)¿2.
Suppose that there exists z∈Z32 such that dP(0; z)61 and dP(y; z)61. Then wP(z)61,
and since P=P1, from (2.5) and (3.6) z=(a; 0; 0) where a is 0 or 1. Hence wP(y)¿2
implies that y has 1’s in at least one of positions 2; 3. But then dP(y; z)=wP(y −
z)¿2, a contradiction. Thus, the P-spheres of radius 1 about distinct codewords are
disjoint.
(ii) First, the repetition code with parameters [2l; 1; 2l] is a [2l; 1; 2l]-P(j)-code for
all j. Suppose that there exists x∈Z2l2 such that dP(j)(0; x)6l and dP(j)(1; x)6l. Then
wP(j)(x)6l, and from (2.5) and (3.6) we write x as
x=(a1; : : : ; as; 0; : : : ; 0|b1; : : : ; bt ; 0; : : : ; 0)
where ai; bi ∈Z2 and s + t6l. Since wP(j)(1)= 2l, we have dP(j)(1; x)=wP(j)
(1 − x)¿(2l − j + 1 − s) + (j − 1 − t) + 1¿l + 1, a contradiction. Hence the P(j)-
spheres of radius l about distinct codewords are disjoint.
Solution 2. Let m¿2 be a 2xed integer. The parameters (r; n; k; j)= (1; 2m+ s; 2m+ s−
t − 1; 2t+1 − 1) with 06s62m − 1 and 06t6m− 1 satisfy (3.3). However, if H is a
parity check matrix of a [2m+ s; 2m+ s− t− 1; 3]-code C, then H is (t+1)× (2m+ s)
matrix. Since d=3, the columns of H are nonzero and all distinct. Thus we must
have 2t+1¿2m + s + 1, i.e., 2t¿2m−1 + (s + 1)=2, a contradiction. Thus there are not
[2m + s; 2m + s− t − 1; 3]-codes.
Theorem 3.2. (i) For integers m and s with m¿2 and 06s62m − 1, let P(s) be
a (2m + s; 2m + s − 1; 1)-poset. Then each [2m + s; 2m + s − 1; 2]-code is perfect
P(s)-code.
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(ii) For integers m; s and t with m¿2; 06s62m − 1 and 16t6m− 1, let P(s; t)
be a (2m + s; 2m + s − 1; 2t+1 − 1)-poset. Then [2m + s; 2m + s − t − 1; 2]-code is not
perfect P(s; t)-code.
Proof. (i) The proof is similar to that of Theorem 3.1(i).
(ii) Suppose that each [2m + s; 2m + s − t − 1; 2]-code C is perfect P(s; t)-code and
assume that x= 0 and y 
= 0 (x; y∈C). Then wP(s; t)(y)¿2. For instance, from (2.5)
and (3.6) let y=(1; 0; : : : ; 0|1; 0; : : : ; 0)∈C. If we take z=(1; 0; : : : ; 0|0; : : : ; 0)∈Z2m+s2 ,
then dP(s; t)(x; z)=dP(s; t)(y; z)= 1, i.e., z∈BP(s; t)(0; 1) ∩ BP(s; t)(y; 1) 
= ∅ , a
contradiction.
Solution 3. Let m¿3 be a 2xed integer. The parameters (r; n; k; j)= (2; 2m; 2m−m−1;
i); i=1; 2; satisfy (3.3). If m=3, then a [8; 4; 5]-code does not satisfy the Plotkin
bound: for any [n; k; d]-code C for which n¡2d,
2k62
[
d
2d− n
]
:
Thus there is not [8; 4; 5]-code. For m¿4, let P(j); j=1; 2; be a (2m; 2m − 1; j)-poset.
Obviously each [2m; 2m − m− 1; 5]-code is perfect P(j)-code.
Next, we generalize [1, Theorem 2.3] to the case of a (n; n− 1; j)-poset.
Theorem 3.3. Let P(j); j=1; 2; be a (2m; 2m − 1; j)-poset, where m¿3. Then the
extended Hamming code with parameter [2m; 2m − m − 1; 4] is a perfect P(j)-code
for all j. In addition, let Q(j); j=1; 2; 3; 4; be a (24; 23; j)-poset. Then the extended
Golay code G24 with parameter [24; 12; 8] is a perfect Q(j)-code for all j.
Proof. We show that the P(2)-spheres of radius 2 about distinct codewords x and y are
pairwise disjoint. To do this we may assume that x= 0. Then y 
= 0 and wP(2)(y)¿4.
Suppose that there exists z∈Z2m2 such that dP(2)(0; z)62 and dP(2)(y; z)62. Thus
wP(2)(z)62 and from (2.5) and (3.6) either z=(a; b; 0; : : : ; 0|0) or z=(a; 0; : : : ; 0|b)
where a; b∈Z2. Then wP(2)(y)¿4 implies that either if y2m =0, then y has 1’s in at
least three of the positions 2; 3; : : : ; 2m − 1 or if y2m =1, then y has 1’s in at least two
of the positions 2; 3; : : : ; 2m − 1. In each case, we have dP(2)(y; z)=wP(2)(y − z)¿3,
a contradiction. Thus the P(2)-spheres of radius 2 about distinct codewords are dis-
joint. Next, for each Q(j) (j=2; 3; 4), the argument is similar for the extended Golay
code. We show that the Q(j)-spheres of radius 4 about distinct codewords x and y are
pairwise disjoint. To do this we may assume that x= 0. Then y 
= 0 and wQ(j)(y)¿8.
Suppose that there exists z∈Z2242 such that dQ(j)(0; z)64 and dQ(j)(y; z)64. Thus
wQ(j)(z)64. Hence from (2.5) and (3.6) we have the following three cases:
(1) If j=2, then z must be one of following types:
(a1; a2; a3; a4; 0; : : : ; 0|0) or (a1; a2; a3; 0; : : : ; 0|b1);
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(2) If j=3, then z must be one of following types:
(a1; a2; a3; a4; 0; : : : ; 0|0; 0); (a1; a2; a3; 0; : : : ; 0|b1; 0) or (a1; a2; 0; : : : ; 0|b1; b2);
(3) If j=4, then z must be one of following types:
(a1; a2; a3; a4; 0; : : : ; 0|0; 0; 0); (a1; a2; a3; 0; : : : ; 0|b1; 0; 0)
(a1; a2; 0; : : : ; 0|b1; b2; 0) or (a1; 0; : : : ; 0|b1; b2; b3)
Thus wQ(j)(y)¿8 implies that dQ(j)(y; z)=wQ(j)(y− z)¿5, a contradiction. Hence the
Q(j)-spheres of radius 4 about distinct codewords are disjoint.
Remark. It is well known in [6, pp. 122–123] that the codes with parameters [90; 78; 5]
or [23; 12; 7] are perfect. On the other hand, if P is a (89; 88; 14)-poset, then each
[89; 81; 5]-code is perfect P-code. Also, if Q is a (23; 22; 5)-poset, then each [23; 14; 7]-
code is perfect Q-code.
4. A relation associated with special posets
If at least one of x; y∈Zn2 is the zero vector 0, or if x= y( 
= 0), then (1.4) holds
for any poset P of cardinality n. But, (1.4) does not hold for some poset which is
not anti-chain and for any x; y∈Zn2 with x 
= y (x; y 
= 0). We provide an example to
illustrate it.
Example 4.1. Let P be the poset with elements {1; 2; 3; 4; 5; 6; 7; 8; 9; 10} where i¡j if
and only if i divides j. For the vectors x=1001011010, y=0110101101,
u=1110101111 and v=0110101101 in Z102 (1.1) yields that
wP(x)= |〈(x)〉|= |〈{1; 4; 6; 7; 9}〉|= |{1; 2; 3; 4; 6; 7; 9}|=7
wP(y)= |〈(y)〉|= |〈{2; 3; 5; 7; 8; 10}〉|= |{1; 2; 3; 4; 5; 7; 8; 10}|=8
wP(x− y) = |〈(x− y)〉|= |〈{1; 2; 3; 4; 5; 6; 8; 9; 10}〉|= |{1; 2; 3; 4; 5; 6; 8; 9; 10}|
= 9
wP(xy)= |〈(xy)〉|= |〈{7}〉|= |{1; 7}|=2
and
wP(u)= |〈(u)〉|= |〈{1; 2; 3; 5; 7; 8; 9; 10}〉|= |{1; 2; 3; 4; 5; 7; 8; 9; 10}|=9
wP(v)= |〈(v)〉|= |〈{2; 3; 5; 7; 8; 10}〉|= |{1; 2; 3; 4; 5; 7; 8; 10}|=8
wP(u − v)= |〈(u − v)〉|= |〈{1; 9}〉|= |{1; 3; 9}|=3
wP(uv)=wP(v)= 8
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Thus we get
wP(x)− wP(y)¡dP(x; y)¡wP(x) + wP(y)− 2wP(xy)¡wP(x)
+wP(y)− wP(xy)
wP(u)− wP(v) =wP(u) + wP(v)− 2wP(uv)¡dP(u; v)
¡wP(u) + wP(v)− wP(uv)
Theorem 4.2. Let P= {1; 2; : : : ; n} be a chain where 1¡2¡ · · ·¡n. Then for x; y∈Zn2
with x 
= y (x; y 
= 0) we have
wP(x)− wP(y)¡dP(x; y)6wP(x) + wP(y)− wP(xy):
Proof. Let i and j, 16i; j6n, be the last coordinate positions of x and y such that
xi =1 and yj =1, respectively. Since x 
= y, i= j=1 is not the case. If i= j¿1, then
16dP(x; y)¡i and wP(x)=wP(y)=wP(xy)= i. Thus,
dP(x; y)− wP(x)− wP(y) + wP(xy)=dP(x; y)− i¡0
and
dP(x; y)¿1¿0=wP(x)− wP(y)
Also, if either 16i¡j or 16j¡i, say 16i¡j, then dP(x; y)= j, wP(x)= i, wP(y)= j,
and 06wP(xy)6i. Thus,
dP(x; y)− wP(x)− wP(y) + wP(xy)= j − i − j + wP(xy)=wP(xy)− i60
and
dP(x; y)− wP(x) + wP(y)= j − i + j=2j − i¿i¿0:
Theorem 4.3. Let P= {1; 2; : : : ; n} be a (n; n− 1; j)-poset with P1(j) and P2(j) satis-
fying (2.5). For each x in Zn2 whose coordinates are indexed by P, let x
∗ (resp., x∗∗)
be obtained from x by changing coordinates which are indexed by P2(j) (resp., P1(j))
to zero. Then for x; y∈Zn2 with x 
= y (x; y 
= 0) we have the following relations:
(i) If at least one of x∗ and y∗ is 0, or if x∗= y∗ ( 
= 0), then
dP(x; y)=wP(x) + wP(y)− 2wP(xy);
(ii) If x∗ 
= y∗ (x∗; y∗ 
= 0), then
dP(x; y)=
{
wP(x) + wP(y)− 2wP(xy)− 1 if (x∗) ∩ (y∗)= ∅;
wP(x) + wP(y)− 2wP(xy) + 1 if (x∗) ∩ (y∗) 
= ∅:
Proof. Let P1(j); P2(j); x∗ and x∗∗ be as above. Since x= x∗ + x∗∗ and P1(j) ∩
P2(j)= ∅ , we have
wP(x)=wP(x∗) + wP(x∗∗): (4.1)
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Also, since P2(j) is an anti-chain, by RHS in (1.4) we get
dP(x∗∗; y∗∗)=wP(x∗∗) + wP(y∗∗)− 2wP(x∗∗y∗∗): (4.2)
Thus (4.1) and (4.2) yield that
dP(x; y)− wP(x)− wP(y) + 2wP(xy)
= dP(x∗; y∗)− wP(x∗)− wP(y∗) + 2wP(x∗y∗) (4.3)
Thus if at least one of x∗ and y∗ is 0, or if x∗= y∗ ( 
= 0), then
dP(x∗; y∗)=wP(x∗) + wP(y∗)− 2wP(x∗y∗): (4.4)
Suppose that x∗ 
= y∗ (x∗; y∗ 
= 0). Since P1(j) is a (n− j + 1; n− j; 1)-poset, let ) be
the unique minimal element of P1(j). Then we can easily check that
wP(x∗)=
{ |(x∗)| if )∈ (x∗);
|(x∗)|+ 1 otherwise: (4.5)
Put
(x∗)(y∗)= (x∗) ∪ (y∗)− (x∗) ∩ (y∗)
Case I: Let (x∗) ∩ (y∗)= ∅. Then from (4.5) we obtain
dP(x∗; y∗)=
{ |(x∗)|+ |(y∗)| if )∈ (x∗)(y∗);
|(x∗)|+ |(y∗)|+ 1 otherwise
and
wP(x∗) + wP(y∗)− 2wP(x∗y∗)
=
{ |(x∗)|+ |(y∗)|+ 1 if )∈ (x∗)(y∗);
|(x∗)|+ |(y∗)|+ 2 otherwise
since wP(x∗y∗)= 0. Thus if (x∗) ∩ (y∗)= ∅ , then
dP(x∗; y∗)=wP(x∗) + wP(y∗)− 2wP(x∗y∗)− 1: (4.6)
Case II: Let (x∗) ∩ (y∗) 
= ∅ . Then (4.5) yields that
dP(x∗; y∗)=
{ |(x∗)|+ |(y∗)| − 2|(x∗) ∩ (y∗)| if )∈ (x∗)(y∗);
|(x∗)|+ |(y∗)| − 2|(x∗) ∩ (y∗)|+ 1 otherwise
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and
wP(x∗) + wP(y∗)− 2wP(x∗y∗)
=
{ |(x∗)|+ |(y∗)|+ 1− 2(|(x∗) ∩ (y∗)|+ 1) if )∈ (x∗)(y∗);
|(x∗)|+ |(y∗)| − 2(|(x∗) ∩ (y∗)|) otherwise;
=
{ |(x∗)|+ |(y∗)| − 2|(x∗) ∩ (y∗)| − 1 if )∈ (x∗)(y∗);
|(x∗)|+ |(y∗)| − 2|(x∗) ∩ (y∗)| otherwise:
Thus if (x∗) ∩ (y∗) 
= ∅ , then
dP(x∗; y∗)=wP(x∗) + wP(y∗)− 2wP(x∗y∗) + 1: (4.7)
Eqs. (4.3), (4.4), (4.6) and (4.7) complete the proof.
We provide an example to illustrate Theorem 4.3(ii).
Example 4.4. Let P= {1; 2; 3; 4; 5; 6; 7; 8; 9; 10} be a (10; 9; 5)-poset with P1(5)={1; 2; 4; 5; 7; 9} where 1¡2; 4; 5; 7; 9 and P2(5)= {3; 6; 8; 10} satisfying (2.5). Then we
have the following:
x y x∗ y∗ (x∗) (y∗) (x∗) ∩ (y∗)
0110010101 1110101100 0100000000 1100101000 {2} {1; 2; 5; 7} = ∅
′′ 0110101101 ′′ 0100101000 ′′ {2; 5; 7} = ∅
′′ 0001010101 ′′ 0001000000 ′′ {4} ∅
′′ 1001010101 ′′ 1001000000 ′′ {1; 4} ∅
;
x y (x) (y) (x + y) (xy)
0110010101 1110101100 {2; 3; 6; 8; 10} {1; 2; 3; 5; 7; 8} {1; 5; 6; 7; 10} {2; 3; 8}
′′ 0110101101 ′′ {2; 3; 5; 7; 8; 10} {5; 6; 7} {2; 3; 8; 10}
′′ 0001010101 ′′ {4; 6; 8; 10} {2; 3; 4} {6; 8; 10}
′′ 1001010101 ′′ {1; 4; 6; 8; 10} {1; 2; 3; 4} {6; 8; 10}
;
dP(x; y) wP(x) + wP(y)− 2wP(xy) ±1 (x∗) ∩ (y∗)
5 6 + 6− 2 · 4= 4 +1 = ∅
4 6 + 7− 2 · 5= 3 +1 = ∅
4 6 + 5− 2 · 3= 5 −1 ∅
4 6 + 5− 2 · 3= 5 −1 ∅
:
The proof of Theorem 4.3 gives proof of Theorem 4.5.
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Theorem 4.5. Let P= {1; 2; : : : ; n} be a (n; n − 1; j)-poset with P1(j) and P2(j) sat-
isfying (2.5), and let Q; Q1(j) and Q2(j) be the dual posets of P; P1(j) and P2(j),
respectively. For each x∈Zn2 whose coordinates are indexed by Q, let x∗ (resp.,
x∗∗) be obtained from x by changing coordinates which are indexed by Q2(j) (resp.,
Q1(j)) to zero. Let ) be the unique maximal element of Q1(j). Then for x; y∈Zn2
with x 
= y (x; y 
= 0), we have
(i) if x∗ 
= y∗ (x∗; y∗ 
= 0) and )∈ (x∗) ∪ (y∗), then
dQ(x; y)=
{
wQ(x) + wQ(y)− 2wQ(xy)− 1 if (x∗) ∩ (y∗)= ∅ ;
wQ(x) + wQ(y)− 2wQ(xy) + 1 if (x∗) ∩ (y∗) 
= ∅ ;
(ii) if x∗ 
= y∗ (x∗; y∗ 
= 0) and ) =∈ (x∗) ∪ (y∗), then
dQ(x; y)=wQ(x) + wQ(y)− 2wQ(xy)
We give an example of Theorem 4.5.
Example 4.6. Let Q; Q1(5) and Q2(5) be the dual posets of P; P1(5) and P2(5),
respectively, used in Example 4.4. Then 1 is the unique maximal element of Q1(5),
and thus we have the following:
x y x∗ y∗ (x∗) (y∗) (x∗) ∩ (y∗)
0110010101 1110101100 0100000000 1100101000 {2} {1; 2; 5; 7} = ∅
′′ 0110101101 ′′ 0100101000 ′′ {2; 5; 7} = ∅
′′ 0001010101 ′′ 0001000000 ′′ {4} ∅
′′ 1001010101 ′′ 1001000000 ′′ {1; 4} ∅
;
x y (x) (y) (x + y) (xy)
0110010101 1110101100 {2; 3; 6; 8; 10} {1; 2; 3; 5; 7; 8} {1; 5; 6; 7; 10} {2; 3; 8}
′′ 0110101101 ′′ {2; 3; 5; 7; 8; 10} {5; 6; 7} {2; 3; 8; 10}
′′ 0001010101 ′′ {4; 6; 8; 10} {2; 3; 4} {6; 8; 10}
′′ 1001010101 ′′ {1; 4; 6; 8; 10} {1; 2; 3; 4} {6; 8; 10}
;
dQ(x; y) wQ(x) + wQ(y)− 2wQ(xy) ±1 (x∗) ∩ (y∗) (x∗) ∪ (y∗)
8 5 + 8− 2 · 3=7 +1 
= ∅ 1∈
3 5 + 6− 2 · 4=3 0 
= ∅ 1 =∈
3 5 + 4− 2 · 3=3 0 ∅ 1 =∈
7 5 + 9− 2 · 3=8 −1 ∅ 1∈
:
From the above results we raise a question.
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Question. Do the inequalities hold
wP(x)− wP(y)6dP(x; y)6wP(x) + wP(y)− wP(xy)
for any poset P of cardinality n and for x; y∈Zn2?
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